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1. INTRODUCTION AND PRELIMINARIES

A triple (X, T1,T;) where X is a non-empty set and T and T, are topologies on X is called a bitopological space and Kelly [3] initiated
the study of such spaces.
Throughout this paper (X, T, T;) or simply X represents the bitopological spaces on which no seperaxion axioms are assumed unless
otherwise mentioned. For any subset A € X, 7;-int(A) and , 7;-cl(A) denote the interior and closure of a set A with respect to the
topology T;, respectively.
Definition 1.1: A subset A of a topological space (X, T) is said to be

(1) Semi-open [4]if A € cl(int(4))

(2) Regular open if A = int(cl(4))
Definition 1.2: A subset A of a topological space (X, T) is said to be generalized closed (briefly g-closed) [1 ] if cl(A) S U
whenever A € U and U is openin X.
Definition 1.3: A subset A of a topological space (X, T) is said to be generalized* closed (briefly g*-closed) [6] if cl(A) € U
whenever A € U and U is g-openin X.
Definition 1.4: A subset A of a bitopological space (X, Ty, T7) is said to be

(1) T1T1-Semi-open [2]if A € T, — cl(t; — int(4))

(2) 71T, -Regular openif A = int(cl(A))
Definition 1.5: A subset A of a bitopological space (X,T;,7;) is said to be T;T;-generalized closed (T;T,-g- closed) [ ] if
T,¢l(A) € U whenever A € U and U is T1-open.
Definition 1.6: A subset A of a bitopological space (X, Ty,T;) is said to be T;T,-generalized* closed (T1T,-g"- closed) [ ] if
T, — cl(A) € U whenever A € U and U is T1-g open.
2. STRONGLY g*-CLOSED SETS
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Definition 2.1: Let (X, 71, T) be a bitopological space and A be its subset, then A is a strongly g*-closed set (briefly $g*-closed) if
Tz—Cl(Tl - int(A)) C U whenever A € U and U is T - g open

Theorem 2.2: Let (X, Ty, T3) be a bitopological space. Every closed set is strongly g*-closed set, but not conversely.

Proof: Suppose that A is closed. Let U be an open set containing A. Then Tz-Cl(Tl - int(A)) S 1, — cl(A) = A, which implies,
Tz-Cl(Tl - int(A)) C U. Hence, A is a strongly g*-closed set.

Example 2.3: Let X = {a, b, c}, 7, = {@,{a}, {b},{a, b}, X} and 7, = {@,{a},{a, b}, X}. Then the set {a,c} is a strongly g*-
closed set but not a closed set.

Theorem 2.4: If a subset A of a bitopological space (X, Ty, T;) is g”-closed then it is strongly g*-closed in X, but not conversely.
Proof: Suppose A is g*-closed in (X, T1,T;). Let G be an open set containing A in X. Then G contains T, — cl(A) and G 2 T, —
cl(A) 2 1, — cl(r; — int(A)). Thus, A is strongly g*-closed in X.

Example 2.5: Let X = {a, b, c} with topologies T; = {@,{b},{c},{b,c}, X} and 7, = {@,{a, c}, X}. In this topological space the
subset {a} is strongly g*-closed but not a g*-closed set.

Theorem 2.6: If a subset A of a topological space (X, 71, T) is both open and strongly g*-closed, then it is closed.

Proof: Suppose a subset A of X is both open and strongly g*-closed. Then 4 2 T, — Cl(‘[1 - int(A)) 21, —cl(A) and so
A2 1, —cl(A). Since T, — cl(A) 2 A, we have, A = T, — cl(A). Thus A is closed in X.

Theorem 2.7: If a subset A of a bitopological space (X, Ty, T;) is both strongly g*-closed and semi-open then it is g*-closed.

Proof: Suppose A is both strongly g*-closed and semi-open in X, let G be an open set containing A. As A is strongly g*-closed,
G271, — Cl(T1 - int(A)). Now, G 2 7, — cl(A), since A is semi-open. Thus A is g*-closed in X.

Corollary 2.8: If a subset A of a bitopological space (X, Ty, T;) is both strongly g*-closed and open then it is a g*-closed set.

Proof: Suppose A is both strongly g*-closed and open in X, let G be an open set containing A.

As A is strongly g*-closed, G 2 T, — Cl(‘[l - int(A)) and G 2 1, — cl(A), since A is open. Thus, A is g*-closed in X.
Theorem 2.9: A subset A is strongly g*-closed if and only if T, — Cl(‘[l - int(A)) — A contains no non-empty closed set.
Necessity: Suppose that F is a non-empty closed subset of 7, — Cl(‘[1 - int(A)) —A. e, FC1,— Cl(‘f1 - int(A)) N
(X —A). Then FS 1, — Cl(‘[l - int(A)) and F € (X — A). Since X — F is an open set and A is strongly g*-closed, T, —
cl(ty —int(A)) € X —F). ie., FS (X —1,—cl(t; —int(4))). Hence, F S1,—cl(t,—int(4)n X — (1, —
Cl(‘[l - int(A)) =0Q.ie.,F =0@. Thus, T, — Cl(‘[l - int(A)) — A contains no non-empty closed set.

Sufficiency: Conversely, assume that T, — Cl(‘[1 — int(A)) — A contains no non-empty closed set. Let A € U, U is g-open.
Suppose that T, — Cl(‘[1 - int(A)) is not contained in U. Then T, — Cl(‘[l - int(A)) N (X — U) is a non-empty closed set and
contained in T, — Cl(Tl - int(A)) — A which is a contradiction. Therefore, T, — Cl(‘L’l - int(A)) € U and hence A is strongly
g - closed.

Corollary 2.10: A strongly g* - closed set A is regular closed if and only if T, — Cl(‘l'l - int(A)) — A is closed and T, —
cl(ty — int(4)) 2 A.

Proof: Assume that A is regular closed. Since T, — Cl(‘[1 — int(A)) =A 1, — Cl(‘[1 - int(A)) —A=0is regular closed and
hence closed.

Conversely, assume that T, — cl (Tl - int(A)) — A is closed. By Theorem 9, T, — cl (‘L'1 - int(A)) — A contains no non-empty
closed set. Therefore, T, — Cl(T1 - int(A)) — A = Q. Thus, A is regular closed.

Theorem 2.11: Suppose that B € A € X, B is a strongly g”*- closed set relative to A and that both open and strongly g*-closed
subset of (X, Ty, T;) then Bis a strongly g - closed set relative to (X, 14, 75).

Proof : Let B € G and G be an open set in (X,74,7,). But given that B € A € X, therefore B € A and B S G. This implies,
B S ANG. Since B is strongly g* - closed relative to A, T, — Cl(‘[1 - int(B)) CANG.ie, ANT, — Cl(‘[l — int(B)) c
ANG. This implies, AN T, — cl(t; — int(B)) € G. Thus, AN T, — cl(t; — int(B)) U (X — (r — cl(r, — int(B)))) €
G U (X — 1, — cl(t; — int(B))). Also, B € A which implies T, — cl(t, — int(B)) € 7, — cl(z; — int(4))

Corollary 2.12: Let A be strongly g*-closed and suppose that F is closed then A N F is a strongly g*-closed set.

Proof: To show that A N F is strongly g”-closed, we have to show T, — cl(1; — int(A N F)) € G whenever ANF € G and G is
g-open. Since A N F is closed in A, we have A N F is strongly g*-closed in A. By Theorem 4.11, A N F is strongly g*-closed in
(X,Tl,‘[z), sinice ANF CAC (X, T4 ‘1,'2).

Theorem 2.13: If A is strongly g*-closed and A € B € 1, — cl(t; — int(A)), then B is strongly g”-closed.

Proof: Given that B € 7, — cl(t; — int(A)) then T, — cl(t; — int(B)) C 1, — cl(7, — int(4)), 7, — cl(‘r1 — int(A)) —
Bct,— Cl(‘L'1 - int(A)) —A. Since AS B, and A is strongly g*-closed, by Theorem 4.9, T, — Cl(T1 - int(A)) —-A
contains no non-empty closed set and T, — cl (T1 — int(B)) — B contains no non-empty closed set. Again by Theorem 4.9, B is a
strongly g”-closed set.

Theorem 2.14: Let X and Y are bitopological spaces and let A €Y € X and suppose that A4 is strongly g”- closed in X then 4 is
strongly g*- closed relative to Y.
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Proof: Given that A € Y € X and A is strongly g”-closed in X. To show that A is strongly g*-closed relative to ¥, let A €Y N G,
where G is g-open in X. Since A is strongly g*-closed in X, A € G implies T, — Cl(’[1 - int(A)) C G.i.e., A S YNG, where
Ynr, - Cl(’[l - int(A)) CYNG, whereY N7, — Cl('[l - int(A)) is the closure of interior of A in Y. Thus 4 is strongly g*-

closed relative to Y.
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