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Abstract:  The purpose of this paper is to review on pairwise TS-spaces and some of their properties.  
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1. INTRODUCTION AND PRELIMINARIES 

A  triple (X, τ1, τ2) where X is a non empty set and τ1and τ2 are topologies on X is called a bitopological space and Kelly [17] initiated 
the study of such spaces. K.Chandrasekhara Rao and K.Kannan [3, 4, 16, 6] introduced the concepts of s*g-closed sets and s*g-locally 
closed sets in bitopological spaces. Using the concept of τ1τ2-s

*g-closed sets, K.Chandrasekhara Rao and D.Narasimhan [5] introduced 
the concept of pairwise Ts-spaces in bitopological spaces. Ideals in topological spaces have been considered since 1930. In 1990, 
Jankovic and Hamlett [15], once again initiated the application of topological ideals and generalized the most fundamental properties in 

topological spaces. An ideal I on a topological space (X ,τ) is a collection of subsets of X which satisfies the following properties: (i) A ∈ 

I and B ⊆ A implies B ∈ I,(ii) A ∈ I and B ∈ I implies A ∪ B ∈ I. (X, τ, I) represents the topological space with an ideal  I. Let P(X) be 
the set of all subsets of X, a set operator ( )*: P(X) →P(X), called the local function [20] of A with respect to τ and I, is defined as 

follows: for A ⊆ X, A*(I, τ) = {x ∈ X / U ∩ A ∉ I for every open set U containing x}. We simply write A* instead of A*(I, τ) in case 
there is no confusion. X* is often a proper subset of X. For every ideal topological space (X, τ, I), there exists a topology τ*(I), finer 

than τ, generated by β (I, τ) = {U \ J: U ∈ τ and J ∈ I}. It is known in [15] that β (I, τ) is not always a topology on X. A subset A of an 

ideal space (X, τ, I) is called τ*-closed [15] or simply *-closed (resp. *-dense in itself) if A* ⊆ A (resp. A ⊆ A*). A Kuratowski closure 
operator cl*( ) for a topology τ*(I, τ), called the *-topology, is defined by cl*(A) =A ∪ A*(τ, I) [31]. M.Khan and M.Hamza [19] 
introduced the concept of Is*g-closed sets in ideal topological spaces. 

Definition: 1.1 A bitopological space (X, τ1, τ2) is called a  

1. pairwise T1/2-space [11] if every τ1-g closed set is ,τ2-closed and every τ2-gclosed set is τ1-closed, 
2. pairwise T*1/2-space [30] if every τ1τ2-g*closed set is τ2-closed and every  τ2τ1 –g*closed set is τ1-closed, 
3. pairwise Tb-space [ 9] if every τ1τ2 -gs closed set is τ2-closed and every τ2τ1 - gs closed set is τ1-closed, 
4. Pairwise T*p-space [32] if every τ1τ2 -g*p closed set is τ2 –closed. 

Definition: 1.2: A bitopological space (X, τ1, τ2) is called a pairwise TS-space if every τ1τ2 - s
*g closed set is τ2-closed in X and every τ2 

τ1-s
*g closed set is τ1-closed in X. 

Example 1.3:  Let X = {a, b, c}, τ1 = {φ, {a}, X}, τ2 = {φ, {a}, {a, c}, X}.Then {X, τ1, τ2} is a pairwise TS-space. 

This paper is prepared exclusively for International Conference on Systems, Science, Control, Communication, Engineering and Technology 2016 [ICSSCCET 

2016] which is published by ASDF International, Registered in London, United Kingdom under the directions of the Editor-in-Chief Dr T Ramachandran and 

Editors Dr. Daniel James, Dr. Kokula Krishna Hari Kunasekaran and Dr. Saikishore Elangovan. Permission to make digital or hard copies of part or all of this work 

for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial advantage, and that copies bear this 

notice and the full citation on the first page. Copyrights for third-party components of this work must be honoured. For all other uses, contact the 

owner/author(s). Copyright Holder can be reached at copy@asdf.international for distribution. 

2016 © Reserved by Association of Scientists, Developers and Faculties [www.ASDF.international] 



      International Conference on Systems, Science, Control, Communication, Engineering and Technology         688 

 

 
Cite this article as: J Logeshwari, S Faridha, S Sharmila Banu. “A Review on Pairwise TS - Spaces”. International 

Conference on Systems, Science, Control, Communication, Engineering and Technology 2016: 687-690. Print. 

 

Proposition 1.4:  Let (X, τ1, τ2) be a τ1τ2- TS space. 

a) If Y is a τ2-closed subspace of  X, then (Y, τ1/Y, τ2/Y) is a τ1τ2 - TS space  and  
b) If Y is a τ1-closed subspace of X, then (Y, τ1/Y, τ2/Y) is a τ2τ1 - TS space. 

Proof.   Let  X  be  a  pairwise  TS- space and  Y  be  a  τ2 - closed subspace  of  X. Let A be τ1τ2 - s
*g closed in Y. Let A ⊆ U and U is τ1- 

semi open in Y. 

Then, τ2 - clY (A) ⊆ U. Since U is τ1- semi open in Y, we have U = G∩Y where G is τ1- semi open in X. Therefore A ⊆ G and G is τ1- 
semi open in X. Since A is τ1τ2- s

*g closed in Y, we have A = H∩Y where H is τ1τ2- s
*g closed in X. But X is a pairwise TS- space. 

⇒  H is τ2- closed in X. 

⇒  H∩Y is τ2- closed in X. 

⇒ A is τ2- closed in X. 

⇒ A∩Y is τ2- closed in Y. 

⇒  A is τ2-closed in Y. 
(b) As we proved in (a) 

Theorem  1.5:  Let  I  be a index set. Let {Xi, i ∈ I} be pairwise TS-spaces. Then their product X = П Xi is a pairwise TS-space. 

Proof.  Let  A = pj(A) x П Xi,   i ≠ j  be  τ1τ2- s
*g closed  in  X = П Xi  where pj : П Xi  → Xj     be  the  jth  projection   map which is a 

surjection. Then τ2- cl (A) ⊆ U whenever A ⊆ U and U is τ1- semi open in X. Since U is τ1- semi open in   X = П Xi, U = П Xi x Uj,      

j ≠ i, where Uj is τ1- semi open in Xj. Since pj:  П Xi → Xj, i ≠ j, be the jth projection map, we have pj(U) = Uj. Also A ⊆ U. Hence pj(A)  

⊆ pj(U) = Uj. Since A is τ1τ2- s
*g closed in X, pj(A) is τ1τ2- s

*g closed in Xj. Since Xj is a pairwise TS- space, we have Aj = pj(A) is τ2- closed  
in Xj. Hence Aj = τ2 -clXj(Aj). Therefore Aj x П Xi = τ2-clXj(Aj) x П Xi = τ2-cl(Aj) x П Xi = τ2-cl[(Aj) x П Xi]. Hence A is τ2 -closed in X.  
Therefore every τ1τ2- s

*g closed set is τ2- closed. Similarly, we can prove every τ2τ1- s
*g closed set is τ1- closed. Hence X is a pairwise 

TS- space. 

Lemma 1.6: The inverse image of a τ1τ2- s
*g closed set under a pairwise continuous bijection map f : X → Y  is  τ1τ2- s

*g closed, where  
Y is another bitopological space. 

Proof. Let f :( X, τ1, τ2) → (Y, σ1, σ2) be a pairwise continuous bijection. Let A be σ1σ2 - s
*g closed in Y. We shall show that f -1(A) is 

τ1τ2 - s
*g closed in X. Let f -1(A) ⊆ U, where U is τ1-semi open in X. Then A ⊆ f (U) and f (U) is σ1- semi open in Y. Since A is σ1σ2 - s

*g 

closed in Y, we have σ2 - cl(A) ⊆ f(U). Therefore τ2 –cl [f -1(A)] ⊆ f -1[σ2- cl (A)] ⊆ f -1[f (U)] = U {since f is pairwise continuous and 
bijection}.⇒ τ2- cl[f 

-1(A)] ⊆ U. Then f -1(A) is τ1τ2- s
*g closed in X. 

Theorem 1.7: The image of a pairwise TS-space under a pairwise continuous bijection map f: (X, τ1, τ2) → (Y, σ1, σ2) is a pairwise TS-
space, where Y is another bitopological space. 

Proof. Let f: (X, τ1, τ2) → (Y, σ1, σ2) be a pairwise continuous bijection map. Since f is onto, we have Y = f(X). Let A be σ1σ2 - s
*g 

closed in Y. We shall show that A is σ2 - closed in Y. By Lemma 4.5, we have f -1(A) is τ1τ2 - s
*g closed in X. But, X is a pairwise TS-space. 

Hence f -1(A) is τ2 - closed in X.  

⇒ F-1(A) =τ2-cl [f
-1(A)]. This implies A = f [τ2 - cl [f

-1 (A)] ⊇ σ2 – cl (A).   

Hence σ2 – cl (A) ⊆ A. Obviously A ⊆ σ2 – cl (A).  

Therefore, σ2 – cl (A) = A. Now, σ2 - clY (A) = σ2- cl (A) ∩ Y = A∩Y = A. Therefore, A is σ2 - closed in Y. Similarly we can prove every 
σ2σ1 - s

*g closed set is σ1 - closed in Y. Hence Y is pairwise TS- space. 

Theorem 1.8:  In a pairwise TS- space, 

a) the  intersection of  two τ1τ2 - s
*g  closed sets is τ1τ2 - s

*g closed; 
b) The union of two τ1τ2 - s

*g open sets is τ1τ2 - s
*g open. 

Proof.  (a)  Let A and B be two τ1τ2 - s
*g closed sets in (X, τ1, τ2). Since X is a pairwise TS-space, A and B are τ2-closed in X.  Hence 

A∩B is τ2-closed in X.  Consequently A∩B is τ1τ2 - s
*g closed in X. 
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(b)  Let A and B be two τ1τ2 - s
*g open sets in (X, τ1, τ2). Then AC and BC are τ1τ2 - s

*g closed in X.  By (a), AC ∩ BC = (A∪B) C is τ1τ2 - 
s*g closed in X. Therefore A∪B is τ1τ2 - s

*g open in X. 

Theorem  1.9: (a)  Every pairwise T1/2 - space  is a pairwise TS- space; 
(b) Every pairwise  Tb - space  is  a  pairwise TS - space; 
(c) Every  pairwise  αTb - space is  a pairwise TS- space; 
(d) Every  pairwise  door space is  a pairwise TS- space. 

Proof. (a) Suppose that X is a pairwise T1/2 - space. Since every τ1τ2 - s
*g closed set is τ2 - closed in a pairwise T1/2 - space, X is a 

pairwise TS - space. 
(b)  Suppose that X is a pairwise Tb - space.  Let A be τ1τ2 - s

*g closed in X. Then A is τ1τ2 - gs closed in X. Since X is a pairwise Tb - 
space, A is τ2 - closed in X. Hence X is pairwise TS - space. 
(c) Suppose that X is a pairwise αTb - space. Let A be τ1τ2 - s

*g closed in X. Then A is τ1τ2 - αg closed in X. Since X is a pairwise αTb - 
space, A is τ2 - closed in X. Therefore X is a pairwise TS- space. 
(d) Let X be a pairwise door space. Then X is a pairwise T1/2. From (a), we have X is a pairwise TS- space. 

Remark 1.10: The converse of the above theorem are not true as can be seen from the following example. 

Example 1.11: In Example 4.2, (X, τ1, τ2) is a pairwise TS- space but not a pairwise T1/2 - space, pairwise Tb - space, pairwise αTb -
space or a pairwise door space. 

Theorem 1.12:   

a) Every  τ1τ2  - gs  closed set in a pairwise Tb - space is  τ1τ2 - s
*g  closed; 

b) Every  τ1τ2  - sg closed set in a pairwise Tb - space is  τ1τ2 - s
*g  closed; 

c) Every  τ1τ2 - αg closed set in a pairwise αTb - space is τ1τ2 - s
*g  closed. 

Proof.  (a) Let X  be  a  pairwise  Tb - space  and  A be  τ1τ2  - gs closed in  X. Then A is τ2 - closed in X. Consequently, A is τ1τ2 - s
*g 

closed in X. 
             (b) Let X be a pairwise Tb - space and A be τ1τ2 - sg closed in X. Since A is τ1τ2 - gs closed in X, A is τ1τ2 - s

*g closed in X {by 
(a)}. 
             (c) Let X be a pairwise αTb - space and A be τ1τ2 - αg closed in X. Then A is τ2 - closed in X. Consequently, A is τ1τ2 - s

*g closed 
in X. 

Corollary 1.13:  

a) Every subset of  a pairwise complemented Tb - space is  τ1τ2 - s
*g  closed;  

b) Every subset of a pairwise complemented T1/2 - space is τ1τ2 - s
*g closed;  

c) Every subset of a pairwise complemented αTb - space is τ1τ2 - s
*g closed. 

Proof.  (a) Since X is a pairwise complemented, every subset of X is τ1τ2 - gs closed in X. Since X is a pairwise Tb - space, every subset 
of X is τ1τ2 - s

*g closed in X {by Theorem 4.11(a)}. 
   (b) Since X is a pairwise complemented, every subset of X is τ1τ2 - g closed in X. Since X is a pairwise T1/2 - space, every 
subset of X is τ1τ2 - s

*g closed in X.  
  (c) Since X is a pairwise complemented, every subset of X is τ1τ2 - αg closed. Since X is a αTb-space, every subset of X is τ1τ2 - 
s*g closed in X by Theorem 4.11(c)}. 

Theorem 1.14: If (X, τ1, τ2) is both pairwise T*
p - space and pairwise *Tp - space then X is a pairwise TS - space. 

Proof. Let A be τ1τ2 - s
*g closed in X. Then A is τ1τ2 - gp closed in X. Since X is a pairwise *Tp -space, A is τ1τ2-g

*p closed in X. Therefore 
X is a pairwise T*

p- space. Hence A is τ2 - closed in X. Consequently, X is a pairwise TS- space. 
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